We present a model allowing to aggregate decision criteria when the available information is of a qualitative nature. The use of the Sugeno integral as an aggregation function is justified by an axiomatic approach. It is also shown that the mutual preferential independence of criteria reduces the Sugeno integral to a dictatorial aggregation.
Introduction
Assume A = {a, b, c, . . .} is a finite set of potential alternatives, among which the decision maker must choose. Consider also a finite set of criteria N = {1, . . . , n} to be satisfied. Each criterion i ∈ N is represented by a mapping g i from the set of alternatives A to a given finite ordinal scale X i = {r
that is, a scale where only order matters, and not numbers. For example, a scale of evaluation of importance of scientific papers by referees such as 1=Poor, 2=Below Average, 3=Average, 4=Very Good, 5=Excellent
is a finite ordinal scale. The coding by real numbers is used only to fix an order on the scale. For each alternative a ∈ A and each criterion i ∈ N , g i (a) represents the evaluation of a along criterion i. We assume that all the mappings g i are given beforehand.
Our central interest is the problem of constructing a single comprehensive criterion from the given criteria. Such a criterion, which is supposed to be a representative of the original criteria, is modeled by a mapping g from A to a given finite ordinal scale
The value g(a) then represents the global evaluation of alternative a expressed in the scale X. Without loss of generality, we can embed this scale in the unit interval [0, 1] and fix the endpoints r 1 := 0 and r k := 1.
In order to aggregate the partial evaluations of a ∈ A, we will assume that there exist n non-decreasing mappings U i : X i → X (i ∈ N ) and an aggregation function M :
. . , U n (g n (a)) (a ∈ A).
The mappings U i , called commensurateness mappings, enable us to express all the partial evaluations in the common scale X, so that the function M aggregates commensurable evaluations. We will also make the assumption that U i (r
1 ) = 0 and U i (r (i) k i ) = 1 for all i ∈ N . In this paper we present an axiomatic framework for defining a suitable aggregation model. As presented above, this model is determined by the mapping g, which can be constructed in two steps:
1. The aggregation function M can be identified by means of an axiomatic approach. The one we propose, which is mainly based on the ordinal nature of the evaluation scales, leads to the discrete Sugeno integral (cf. Definition 3.3 below).
Each mapping U i (i ∈
) can be identified by asking appropriate questions to the decision maker. On this issue, Marichal and Roubens [10] proposed a procedure to obtain these mappings. This procedure will be discussed in Section 4.
Notice that other characterizations of the discrete Sugeno integral have already been proposed in the earlier literature (see [4, 5, 8] ). However, most of the properties used in those characterizations do not have a clear interpretation in the framework of multicriteria decision making. An example is given in Proposition 3.1 below.
Another aim of this paper is to show that the aggregation of criteria by the Sugeno integral makes sense only when criteria interact. More precisely, we show that when criteria are "mutually preferentially independent" then the Sugeno integral collapses into a projection function, that is, a dictatorial aggregation. This paper is organized as follows. In Section 2 we present a first axiomatic-based aggregation model. In Section 3 we improve this model by taking into account the importance of the different criteria. This leads to using the Sugeno integral as an appropriate aggregation function. In Section 4 we deal with a practical method to identify the commensurateness mappings. In Section 5 we investigate the aggregation functions which are both Sugeno integrals and Choquet integrals. Finally, Section 6 deals with the interaction phenomena among criteria and the related concepts of preferential independence.
Throughout the paper, ∧ and ∨ denote the minimum and maximum operations, respectively.
Meaningful aggregation functions
In this section we propose an axiomatic setting allowing to determine a suitable aggregation function M : X n → X. First of all, since the scale X ⊂ [0, 1] is of ordinal nature, the numbers that are assigned to it are defined up to an increasing bijection ϕ from [0, 1] onto itself. A meaningful aggregation function should then satisfy the following property (see Orlov [14] ): 
where the notation ϕ(x) means (ϕ(x 1 ), . . . , ϕ(x n )).
Comparison meaningfulness is an essential condition. Indeed, numbers defined on an ordinal scale cannot be aggregated by means of usual arithmetic operations, unless these operations involve only order. For example, the arithmetic mean is forbidden, but the median or any order statistic is permitted. In illustration, let us consider the pairs of evaluations (0.3, 0.5) and (0.1, 0.8). Of course, we have 0.3 + 0.5
Using a transformation ϕ :
which shows that the arithmetic mean is not comparison meaningful.
As for most of the aggregation functions, we will also assume that M is internal to the set of its arguments.
Obviously, any internal function is idempotent. Moreover, it was shown by Ovchinnikov [15, Sect. 4] that, for any internal and comparison meaningful function M : [0, 1] n → IR, we have
This property is in accordance with the assumption that M ranges in X.
Finally, we will assume that any E ⊆ [0, 1] n is a closed subset whenever its image {M (x) | x ∈ E} is a closed subset of [0, 1] . This regularity condition simply expresses that M is a continuous function.
The class of all the aggregation functions fulfilling the properties above was described by the author [9, Sect. 4] as follows. 
Theorem 2.1 provides the general form of functions M : X n → X that seem appropriate to aggregate the given criteria. It represents all the possible lattice polynomials on X. It was also shown [9] that when replacing the continuity by the increasing monotonicity in Theorem 2.1, then the restriction of M to ]0, 1[ n is again a lattice polynomial. A general discussion on this type of polynomials can be found in [8, 9, 16, 17] .
Although the axiomatic that supports this aggregation model seems sensible and satisfactory, the corresponding functions present however the following major drawback. If e S represents the characteristic vector in {0, 1} n of a given subset of criteria S ⊆ N then we have
This means that the global evaluation of an alternative that fully satisfies criteria S and totally fails to satisfy the other criteria is always an extreme value of X. In particular, the compensation effects are not allowed. As the following result shows [9, Sect. 4] , dropping the idempotency property does not enable to overcome completely this undesirable phenomenon. 
We also notice that the commensurability hypothesis (that is, the presence of the mappings U i : X i → X in the aggregation model) is essential to avoid a dictatorial aggregation. Indeed, suppose that the scales X i ⊆ [0, 1] are independent (i.e., all different) and that g is defined as
In this case, M maps independent ordinal scales into an ordinal scale and thus should satisfy the following property.
where the notation
The following results [9, Sect. 5] show that such an aggregation function leads to a dictatorial aggregation process. 
Theorem 2.4 The function M : [0, 1] n → IR is continuous, idempotent, and comparison meaningful from independent ordinal scales if and only if there exists
k ∈ N such that M (x) = x k (x ∈ [0, 1] n ).
The Sugeno integral as an aggregation function
The remark regarding Theorem 2.1 shows that it is necessary to enrich the aggregation model so that compensation effects are authorized. Whatever the function M considered, it seems natural to interpret the global evaluation
as the importance of the combination S of criteria. This importance should be expressed in X and not restricted to the extreme values.
It is clear that any mapping v : 2 N → X that represents the importance of combinations of criteria should fulfill the boundary conditions v(∅) = 0 and v(N ) = 1. In some practical applications, one might even demand that this set function is a fuzzy measure, a concept introduced by Sugeno [18] . n −2 to IR, is comparison meaningful. We also assume that it is continuous.
A typical example of aggregation function fulfilling those properties is given by the weighted max-min functions, introduced by the author [8] .
Definition 3.2 For any set function
It was proved [8, Proposition 3.1] that for any set function v defining W ∨∧ v , the coefficient v(N ) can always be replaced by one without altering W ∨∧ v . Thus, the weighted max-min functions fulfill the properties mentioned above.
Another example is given by the discrete Sugeno integral [18, 19] , which will play a central role in this paper. n with respect to µ is defined by
It was proved in [18, Theorem 3.1] (see also [6, 8] ) that the Sugeno integral can also be put in the form:
This shows that any Sugeno integral on [0, 1] n is a weighted max-min function. Conversely, for any set function v :
where µ is a fuzzy measure on N defined by 
n and all r ∈ [0, 1], if and only if there exists a fuzzy measure µ on N such that F = S µ .
We also note that any Sugeno integral S µ satisfies the following property:
which corresponds to our definition of the importance of combinations of criteria. Now, let V N denote the family of set functions v : 2 N → IR such that v(∅) = 0 and v(N ) = 1, and let F N denote the set of fuzzy measures on N . We then have the following result. n → IR (v ∈ V N ) fulfilling the following three properties: 
Conversely, for any such function g, the set 
By the second hypothesis of the theorem, we have, using a simplified notation,
which implies 
By Proposition 3.1, there exists µ ∈ F N such that F = S µ , which proves the first part of Theorem 3.1. The second part is immediate.
The second property mentioned in Theorem 3.1 can be interpreted as follows. When the partial evaluations of a given alternative do not depend on criteria, then they do not depend on their importance either. Note however that this property was used in the proof only at x = 0 and x = 1.
Regarding idempotent functions, we have the following result, which follows immediately from Theorem 3.1.
Theorem 3.2 Let Σ be a set of functions M v : [0, 1]
n → IR (v ∈ V N ) fulfilling the following two properties: 
Conversely, the set {W
Theorems 3.2 brings a rather natural motivation for the use of the Sugeno integral as an appropriate aggregation function. Nevertheless, continuity may seem to be a questionable hypothesis in the sense that its classical definition uses a distance between aggregated values and makes use of the cardinal properties of the arguments. Though continuity and comparison meaningfulness are not contradictory, coupling these two axioms can be somewhat awkward since the latter one implies that the cardinal properties of the partial evaluations should not be used. Suppressing the continuity property or replacing it by a natural property such as increasing monotonicity remains a quite interesting open problem.
Before closing this section, we present a result showing that the Sugeno integral is a very natural concept despite its rather strange definition. First, from the variables 
Using the same reasoning as in the proof of Theorem 3.1, we prove that there exists µ ∈ F N such that P r = S µ .
For example,
is a Sugeno integral on [0, 1] 3 . The corresponding fuzzy measure can be identified by (3).
Identification of the commensurateness mappings
Of course, the aggregation by means of the Sugeno integral cannot be made if the mappings U i are not known. On this issue, Marichal and Roubens [10] proposed a method to learn those mappings by asking appropriate questions to the decision maker. A slightly improved version of that method is given in this section. Firstly, the Sugeno integral S µ is uniquely determined by the knowledge of the corresponding fuzzy measure µ, that is, the importance coefficients
These coefficients can be provided directly by the decision maker. Of course, this consists of (2 n − 2) questions. However, in practical problems the total violation of at least two criteria often lead to the lowest global evaluation, that is 0. Combining this with the monotonicity of the fuzzy measure, the number of coefficients to appraise can be reduced significantly.
Let us now turn to the evaluation of the commensurateness mappings. First, we introduce the following notation. For any µ ∈ F N , any k ∈ N , and any x ∈ [0, 1] n , we set
Recall also the classical definition of the median of three numbers z 1 , z 2 , z 3 ∈ [0, 1]:
We then have the following lemma. 
On the other hand, we have
which completes the proof. Now, from Eq. (4) and (5), we have
for all i ∈ N , all S ⊆ N \ {i}, and all j ∈ {1, . . . , k i }. Of course, the case where µ(S) = µ(S ∪ {i}) is not of interest. On the other hand, if µ(S) < µ(S ∪ {i}) then the following implications hold:
Let us fix i ∈ N . To determine U i : X i → X, we choose S ⊆ N \{i} such that the gap between µ(S) and µ(S ∪{i}) is maximum. Often, the subset S = N \ {i} will be chosen. Next, we ask the decision maker to appraise in
the following global evaluations
Then, the implications above can be used to determine
. If all the commensurateness mappings are not uniquely determined, we can go further by repeating the procedure with another subset S.
The following example [10] deals with the ranking of candidates that apply for a permanent position in a given university. The evaluations are done on three criteria: 1) Scientific value, 2) Teaching effectiveness, and 3) Interview by evaluation committee. The ordinal scales are given as follows:
Scientific value:
Weak < Sat. < Good < Very Good < Exc.
Teaching effectiveness:
Very Weak < Weak < Sat. < Very Good < Exc.
Interview:
Negative < Medium < Positive Global evaluation:
The decision maker gives the following global evaluations:
Recall that we have made the assumption that U i (r
To determine U 1 , the decision maker proposes the following evaluations:
Since S µ U 1 , 1, 1 = median(U 1 , C, A 1 ) = U 1 , these three evaluations determine completely U 1 . We then have
For U 2 , the following evaluations are proposed:
Finally, the decision maker gives:
We then have:
is not known, the Sugeno integral is completely determined. To see this, let us use Eq. (2). We then have
For instance, suppose that a candidate presents the profile (E, S, M ). The global evaluation of this candidate will then be given by
Boolean max-min functions
When the fuzzy measure µ is {0, 1}-valued, the Sugeno integral S µ becomes a Boolean max-min function [8] , also called a lattice polynomial [16] . Its definition, already encountered in Theorem 2.1, is the following. 
In this section we investigate this particular Sugeno integral. First, we can readily see that any Boolean max-min function always provides one of its arguments, see Eq. (1). On the other hand, it is unanimously increasing, that is, it strictly increases whenever all its arguments strictly increase.
The following result (Theorem 5.1 in [8] ) shows that the Boolean max-min functions are exactly those Sugeno integrals which are unanimously increasing. ii) There exists µ ∈ F N such that M = S µ and M is unanimously increasing.
As we will prove below, any Boolean max-min function is also a particular Choquet integral [2] . n with respect to µ is defined by
Murofushi and Sugeno [12, Sect. 2] proved that the Sugeno and Choquet integrals associated to {0, 1}-valued fuzzy measures are Boolean max-min functions.
Proposition 5.2 If µ is a {0, 1}-valued fuzzy measure on
We now prove a stronger result. The common part between the class of Choquet integrals and that of Sugeno integrals coincides with the class of Boolean max-min functions. This result as well as some others are stated in the following theorem. 
ii) There exists
vii) There exists µ ∈ F N such that M = S µ and M is unanimously increasing.
Proof. i) ⇒ ii) By Proposition 5.1, any Boolean max-min function is a Sugeno integral. The second part is trivial.
A very particular case of Boolean max-min function is given by the projection functions, already encountered in Theorem 2.4.
Definition 5.4 For any k ∈ N , the projection function
n → IR, associated to the kth argument, is defined by
The projection function P k consists in projecting x ∈ [0, 1] n onto the kth axis. As a particular aggregation function, it corresponds to a dictatorial aggregation.
Sugeno integral and preferential independence
In this final section, we deal with the problem of dependence between criteria when aggregated by the Sugeno integral. Consider a Sugeno integral S µ defined on X n . The associated fuzzy measure µ, which gives the relative importance of each subset of criteria, enables us to observe possible interaction phenomena between criteria. For example, two criteria i, j ∈ N such that µ({i}) = µ({i, j}) are clearly dependent since in this case j is redundant in the presence of i.
Since the fuzzy measure µ takes its values in the ordinal scale X, the independence of criteria by means of the identity
makes sense only when µ ranges in {0, 1}. In that case, by Proposition 5.2, the Sugeno integral becomes an additive Boolean max-min function. Since it is also an additive Choquet integral (that is, a weighted arithmetic mean), it corresponds to a projection function. Another type of independence between criteria is the preferential independence, well-known in multiattribute utility theory (MAUT), see e.g. [3, 7, 20] . Suppose that the preferences over A (the set of alternatives) of the decision maker are known and expressed by a weak order (i.e., a complete and transitive binary relation). Through the natural identification of alternatives with their profiles in [0, 1] n , this preference relation can be considered as a preference relation on [0, 1] n . To define the preferential independence condition, we introduce the following notation. 
The whole set of criteria N is said to be mutually preferentially independent if S is preferentially independent of N \ S for every S ⊆ N .
When N is mutually preferentially independent, the weak order is said to satisfy independence of equal alternatives [20] . A weaker property of independence for , called weak separability, corresponds to the restriction of (6) to S = {k} for all k ∈ N . We will use this concept at the end of this section. Now, let us assume the existence of an aggregation function M : [0, 1] n → IR which represents , that is such that
where x a i := U i (g i (a)) for all i ∈ N and all a ∈ A. Such a function M is called a utility function in MAUT.
Murofushi and Sugeno [11, 13] proved a fundamental result relating preferential independence and additivity of the fuzzy measure associated to the Choquet integral. To present it, we need a definition. i) The criteria are mutually preferentially independent.
ii) µ is additive.
We now investigate the case where the utility function M is the Sugeno integral. We then have the following lemma. 
